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Nonlinear resonances of an idealized saccular aneurysm
Abstract
This paper investigates the occurrence of dynamic instabilities in idealized intracranial sac-
cular aneurysms subjected to pulsatile blood flow and surrounded by cerebral spinal fluid. The
problem has been approached extending the original 2D model of Shah and Humphrey (1999) to
a 3D framework. The justification for using a 3D formulation arises from the works of Suzuki
and Ohara (1978), MacDonald et al. (2000) and Costalat et al. (2011) who showed experimental
evidences of intracranial aneurysms with a ratio between wall thickness and inner radius larger
that 0.1. Two different material models have been used to describe the mechanical behaviour of
the aneurysmal wall: Neo-Hookean and Mooney-Rivlin. For the first time in literature the dy-
namic response of the aneurysm has been analysed using complete nonlinear resonance diagrams
that have been obtained from a numerical procedure specifically designed for that purpose. Our
numerical results show that, for a wide range of wall thicknesses and both constitutive models con-
sidered, the saccular aneurysms are dynamically stable within the range of frequencies associated
to the normal heart rates, which confirms previous results of Shah and Humphrey (1999). On the
other hand, our results also show that the geometric and material nonlinearities of the problem
could bring closer than expected the resonance frequencies of the aneurysm to the frequencies of
the pulsatile blood flow.
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1. Introduction
The question of whether mechanical instabilities, both static and dynamic, may cause the
enlargement and rupture of saccular aneurysms has been debated by the scientific community
during the last 40 years. Several researchers, such as Akkas (1990) and Austin et al. (1989),
pointed out that the existence of limit point instabilities (i.e. mathematical bifurcations in the
quasi-static response of the aneurysm) could be a reason for the growth and rupture of this type
of lesions. Alternatively, other authors like Jain (1963), Sekhar and Heros (1981) and Sekhart
et al. (1988) suggested that the pulsatile blood flow could excite the natural frequency of the
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2aneurysm making it dynamically unstable. This hypothesis was supported by the results of
Simkins and Stehbens (1973) and Hung and Botwin (1975), who studied the elastodynamics of
berry aneurysms and showed that the natural frequency of these type of lesions may lie within the
range of bruit frequencies that commonly accompany aneurysms. However, despite the nonlinear
stress-strain response exhibited by the aneurysmal wall over finite strains, these authors used
in their analysis the classical shell membrane theory, which assumes infinitesimal strains and
linear material behaviour. Furthermore, they ignored the contribution of the Cerebral Spinal
Fluid (CSF) surrounding the lesion. Thus, the idea that resonances may cause the rupture of
intracranial aneurysms has been gradually losing support within the scientific community.
Shah and Humphrey (1999) and David and Humphrey (2003) studied the nonlinear elastody-
namics of a sub-class of spherical aneurysms subjected to pulsatile blood pressure and surrounded
by CSF. The aneurysmal wall was modelled using a Fung-type pseudostrain-energy function which
included strain rate dependence. These works brought to light that both surrounding fluid and
material viscosity help to increase the dynamic stability of the aneurysm. Shortly after, Haslach
and Humphrey (2004) provided further insights into the effect of the mechanical behaviour of
the aneurysmal wall on the dynamic response of the lesion. Through the comparison of various
strain energy functions, the authors pointed out the great sensitivity of the dynamic behaviour
of the aneurysm to the constitutive model used to describe the aneurysmal wall. In particular,
they stressed the fact that it is essential for the (correct) analysis of the dynamic stability of
aneurysms to use constitutive models specifically formulated and calibrated for the aneurysmal
wall. It was shown that the opposite may give rise to misleading results which predict dynamic
instabilities that there are not present in actual tissue.
In this research we revisit the works of Humphrey and co-workers (Shah and Humphrey, 1999;
David and Humphrey, 2003; Haslach and Humphrey, 2004) and extend their 2D elastodynamics
model to a 3D framework1 in order to study the dynamic response of idealized saccular aneurysms.
While many aneurysmal lesions show small wall thickness and thus can be modelled relying on
the membrane hypothesis, the justification for using a 3D formulation arises from the works of
Suzuki and Ohara (1978), MacDonald et al. (2000) and Costalat et al. (2011) who obtained exper-
imental evidences of intracranial aneurysms with a ratio between wall thickness and inner radius
larger that 0.1, leading to non-negligible radial stresses through the aneurysmal wall. Another
1For which we have followed the pioneering work of Knowles (1962)
3original feature of our research is that the we have obtained, for the first time in literature, the
complete nonlinear resonance diagrams that characterize the dynamic response of the aneurysm
as a function of the pulsatile blood flow. A Mooney-Rivlin type constitutive model, calibrated by
Costalat et al. (2011) using experimental data obtained from 16 different intracranial aneurysms
tested under physiological conditions, has been used to describe the mechanical behaviour of the
aneurysmal wall. The results are systematically compared with those obtained from a simple
Neo-Hookean model widely applied to characterize the behaviour rubber-like materials. This
research shows that, for any of the constitutive models used and irrespective of the thickness
of the aneurysmal wall, the resonance frequencies of the aneurysm do not lie within the range
of frequencies associated to the normal heart rates, which in turn seems to confirm the earlier
findings of Shah and Humphrey (1999).
2. Problem formulation
In this section we formulate the problem of an idealized intracranial saccular (spherical)
aneurysm surrounded by CSF and subjected to pulsating, and radially symmetric, blood pressure
(see Fig. 1). The original contribution is to extend the 2D formulation developed by Humphrey
and co-workers (Shah and Humphrey, 1999; David and Humphrey, 2003) to a 3D framework.
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Figure 1: Schematic representation of an idealized saccular (spherical) aneurysm surrounded by cerebral
spinal fluid and subjected to radially symmetric pulsating blood pressure. (a) Reference and (b) deformed
configurations.
42.1. The aneurysmal wall
Following Shah and Humphrey (1999), the aneurysmal wall is taken to be incompressible and
isotropic within the framework of finite nonlinear elasticity. While the hypothesis of homogeneous
and isotropic properties is likely a gross approximation (Ryan and Humphrey, 1999), it allow us
to follow Humphrey and Haslach (2003) and thus study the elastodynamics of the aneurysmal
lesion. The aneurysm occupies a volume Ω0 defined by the spherical polar coordinates (R,Θ,Φ)
in some reference configuration such that A ≤ R ≤ B. In this paper we take A = 4.3 mm and
B = 4.67 mm which, based on the work of Costalat et al. (2011), represent average values for the
inner and outer radii of intracranial aneurysmal lesions. Since the material is deformed so that
the spherical symmetry is maintained, the motion is given by
r = r(R, t); θ = Θ; φ = Φ (1)
where (r, θ, φ) are spherical polar coordinates in the current configuration Ω such that a ≤
r ≤ b.
The balance of linear momentum in the radial direction leads to
∂σr
∂r
+ 2
σr − σθ
r
= ρr¨ (2)
where a superposed dot denotes differentiation with respect to time. Moreover σr(r, t) and
σθ(r, t) are the radial and circumferential Cauchy stresses respectively and ρ = 1050 kg/m
3 is the
density of the aneurysmal wall (Shah and Humphrey, 1999).
Moreover, let λr =
∂r
∂R and λθ = λφ =
r
R = λ denote the radial and circumferential stretches
respectively. From the incompressibility condition we deduce
λ(r, t) =
(
B3
R3
(λ3b − 1) + 1
)1/3
(3)
where λb =
b
B stands for the circumferential stretch in the outer surface of the aneurysmal
wall. We take the derivatives of Eq. (3) with respect to r and t to obtain respectively
∂λ
∂r
= −λ
3 − 1
R
(4)
λ¨ =
λ3 − 1
λ3b − 1
(
2λbλ˙b
2
+ λ2b λ¨b
λ2
− 2 λ
4
b λ˙b
2
λ3b − 1
λ3 − 1
λ5
)
(5)
5Previous expressions are inserted into Eq. (2) to obtain
∂σr
∂λ
− 2 σr − σθ
λ(λ3 − 1) = −ρB
2 2λbλ˙b
2
+ λ2b λ¨b
(λ3b − 1)1/3
1
λ2(λ3 − 1)2/3 + ρB
2 2 λ
4
b λ˙b
2
(λ3b − 1)4/3
(λ3 − 1)1/3
λ5
(6)
Moreover, for an incompressible spherical shell we have that (see e.g. Ogden (1997))
σr − σθ = −1
2
λ
dψ
dλ
(λ−2, λ, λ) (7)
where ψ is the strain energy function which determines the mechanical behaviour of the
material. The specific form of ψ will be defined in section 3.
With help of Eq. (7), we integrate Eq. (6) over the thickness of the aneurysm to obtain
Pa(t)− Pb(t) =
∫ (λ3b+f0−1
f0
)1/3
λb
ψ′
λ3 − 1 dλ− ρB
2
(
1− λb
(λ3b + f0 − 1)1/3
)
λbλ¨b−
ρB2
(
3
2
+
λ4b
2(λ3b + f0 − 1)4/3
− 2λb
(λ3b + f0 − 1)1/3
)
λ˙b
2
(8)
where the superscript prime denotes differentiation with respect to the circumferential stretch.
Moreover, f0 =
A3
B3
= 0.78 is a dimensionless parameter which characterizes the thickness of the
aneurysmal wall. Pa(t) and Pb(t) are the blood pressure and the pressure exerted by the CSF on
the aneurysm, respectively. The specific forms of Pa(t) and Pb(t) are provided in sections 2.2 and
2.3.
2.2. Blood pressure
Based on the data measured by Ferguson (1972) for human saccular aneurysms, and assuming
that the pressure is uniform inside the lesion, the blood pressure is represented by the following
Fourier series
Pa(t) = Pm +
N∑
n=1
(An cos(nωt) +Bn sin(nωt)) (9)
where Pm = 67.5 mmHg is the mean pressure (Shah and Humphrey, 1999), An and Bn are the
fourier coefficients for N harmonics, and ω is the fundamental circular frequency. Following Shah
and Humphrey (1999) we have considered 5 harmonics: A1 = −7.13, B1 = 4.64, A2 = −3.08,
B2 = −1.18, A3 = −0.130, B3 = −0.564, A4 = −0.205, B4 = −0.346, A5 = 0.0662 and
B5 = −0.120, all quantities are given in mmHg.
62.3. Cerebral spinal fluid
The CSF is assumed incompressible and Newtonian. The continuity equation takes the form
1
r2
∂
∂r
(r2 vr) = 0 (10)
Previous expression implies that the radial velocity is vr(r, t) =
c(t)
r2
. The function c(t) is
found matching the fluid and aneurysmal wall velocities at r = b. Thus, we obtain the following
expression that relates the radial velocity of the CSF and the stretch (and stretch rate) in the
outer surface of the aneurysm
vr(r, t) =
B3λ2b λ˙b
r2
(11)
Moreover, the balance of linear momentum along the radial direction takes the form
ρf
(
∂vr
∂t
+ vr
∂vr
∂r
)
= −∂p
∂r
+ µ
(
1
r2
∂
∂r
(
r2
∂vr
∂r
)
− 2vr
r2
)
(12)
where p denotes pressure. Moreover, ρf = 1000 kg/m
3 and µ = 1.2610−4 Ns/m2 are the
density and the viscosity of the CSF, respectively (Shah and Humphrey, 1999).
Next, we insert Eq. (11) into Eq. (12) to obtain
∂p
∂r
= −ρf
(
B3
r2
(
λ2b λ¨b + 2λbλ˙
2
b
)
− 2B
6λ4b
r5
λ˙2b
)
(13)
Integrating previous equation over the range r ∈ (b,∞), we obtain an expression for the static
pressure exerted by the CSF on the outer surface of the aneurysm
psb(t) = p∞ + ρfB
2
(
λbλ¨b +
3
2
λ˙2b
)
(14)
where p∞ = 3 mmHg is the remote pressure assumed constant (Shah and Humphrey, 1999).
Next, relying on the constitutive equations of incompressible Newtonian fluids, we compute
the dynamic pressure (radial stress) caused by the deformation of the CSF on the aneurysmal
wall
pdb(t) = 4µ
λ˙b
λb
(15)
Thus, the total pressure exerted by the cerebral spinal fluid on the outer surface of the
aneurysm is
7Pb(t) = −psb(t)− pdb(t) (16)
2.4. Dimensionless governing equation
We introduce the following length, mass and time scales in order to pose the problem in
non-dimensional form
[L] = B; [M ] = ρB3; [T ] =
√
ρB2
CM10
(17)
where CM10 is a material constant as further discussed in section 3.
Previous non-dimensional groups, together with Eqs. (9) and (16), are inserted into Eq. (8) to
obtain the following dimensionless governing equation which shows that λb is the only unknown
of the problem
∆P =
∫ (λ3b+f0−1
f0
)1/3
λb
ψ
′
λ3 − 1 dλ+ 4κ
λ˙b
λb
+ ρ
(
λbλ¨b +
3
2
λ˙2b
)
−
((
1− λb
(λ3b + f0 − 1)1/3
)
λbλ¨b +
(
3
2
+
λ4b
2(λ3b + f0 − 1)4/3
− 2λb
(λ3b + f0 − 1)1/3
)
λ˙b
2
) (18)
where
∆P = Pm +
N∑
n=1
(
An cos(nτω) +Bn sin(nτω)
)− p∞ (19)
Now a superposed dot denotes differentiation with respect to the dimensionless time τ . Note
that when f0 → 1 we recover Eq. (12) of Shah and Humphrey (1999). The adimensionalization
procedure brings to light 8 additional non-dimensional groups (additional to f0 introduced in Eq.
(8)) that govern the problem at hand
ψ =
ψ
CM10
Pm =
Pm
CM10
p∞ =
p∞
CM10
Ai =
Ai
CM10
Bi =
Bi
CM10
for i = 1, 2, 3, 4, 5
ω = ω
√
ρB2
CM10
κ =
µ
B
√
ρ CM10
ρ =
ρf
ρ
8where ψ is the non-dimensional strain energy function, Pm is the dimensionless mean pressure
applied in the inner surface of the aneurysm, p∞ is the dimensionless remote pressure and Ai and
Bi are the dimensionless harmonics coefficients. Moreover, ω is the dimensionless fundamental
frequency, κ defines the ratio between the characteristic time scales of CSF and aneurysmal wall
and ρ is the ratio between CSF and aneurysmal wall densities. Note that in section 5 we will
systematically vary ω in order to obtain the resonance diagrams of the aneurysm.
3. Constitutive modelling
Two different strain energy functions are used to describe the mechanical behaviour of the
aneurysmal wall. They both respond to the following polynomial form
ψ =
N∑
i,j=0
Cij(I1 − 3)i(I2 − 3)j (20)
where Cij are empirically determined material parameters and I1, I2 are the first and second
invariants of the left Cauchy-Green strain tensor, respectively. Namely, we use the so-called
Neo-Hookean and 3-parameters Mooney-Rivlin models.
• Neo-Hookean model
ψ = CN10(I1 − 3) (21)
• 3-parameters Mooney-Rivlin model
ψ = CM10(I1 − 3) + CM01(I2 − 3) + CM11(I1 − 3)(I2 − 3) (22)
The 3-parameter Mooney-Rivlin model was calibrated by Costalat et al. (2011) using experi-
mental results obtained from 16 intracranial saccular aneurysms tested in uniaxial tension under
physiological conditions. The resulting parameters values are: CM10 = 0.19 MPa, CM01 =
0.024 MPa and CM11 = 7.87 MPa. For the Neo-Hookean model we have taken CN10 =
0.214 MPa, which ensures that Neo-Hookean and Mooney-Rivlin models provide the same shear
modulus in the linear limit. While both constitutive models were originally formulated for rubber-
like materials, they have been widely used in the literature to model the mechanical behaviour
of aneurysms (To´th et al., 2005; Gundiah et al., 2007; Costalat et al., 2011). The comparison
9between Neo-Hookean and Mooney-Rivlin models developed in section 5 brings to light the key
role played by the mechanical behaviour of the aneurysmal wall in the dynamic response of the
aneurysm.
4. Numerical solution
In this section we describe the numerical procedure designed to analyse the dynamic response
of the aneurysm. The numerical scheme relies on two main techniques: a shooting method and
a sequential continuation method. The combination of these two techniques allows to obtain the
resonance diagrams of the aneurysmal lesion presented in section 5.
Firstly, we reduce Eq. (18) to the following system of two first-order differential equations
where x1 = λb and x2 = λ˙b
x˙1 = x2 (23)
x˙2 =
∆P − ∫
(
x31+f0−1
f0
)1/3
x1
ψ
′
(λ)
λ3−1 dλ− 4κx2x1 +
(
3
2 +
x41
2(x31+f0−1)4/3
− 2x1
(x31+f0−1)1/3
− 32ρ
)
x22(
ρ+ x1
(x31+fo−1)1/3
− 1
)
x1
(24)
The harmonically forced system described by Eqs. (23)-(24) is transformed into an au-
tonomous system adding the following two differential equations whose stable solutions are the
non-autonomous terms
x˙3 = x3(1− x23 − x24)− wx4 (25)
x˙4 = x4(1− x23 − x24) + wx3 (26)
Taking as initial conditions x3(0) = 1 and x4(0) = 0, the solutions of these equations are
x3(τ) = sin(wτ) and x4(τ) = cos(wτ), respectively. Expanding
2 Eq. (9) in terms of sin(wτ) and
cos(wτ), the problem can be handled as an autonomous system of dimension n = 4 that has the
following vectorial form
2The trigonometric expansion is given by sin(nα) =
∑n
k=0
(
n
k
)
cosk α sinn−k α sin(1/2(n− k)pi) and cos(nα) =∑n
k=0
(
n
k
)
cosk α sinn−k α cos(1/2(n− k)pi)
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dx
dτ
= F(x) (27)
where x = (x1, x2, x3, x4).
We limit our attention to the periodic response of the aneurysm (resonances) and thus the
solutions of interest satisfy the condition x(τ) = x(τ + Γ) where Γ is the period of the oscillation.
This allows to formulate the following two-point boundary value problem
dx
dτ
= F(x); x(0) = x0; x(Γ) = x0 (28)
where x0 is the initial conditions vector. Note that x0 and Γ are, a priori, unknown.
4.1. Shooting method
The problem defined by (28) is solved using the shooting method (Seydel, 1994; Allgower and
Kurt, 1990; Peeters et al., 2009). For that purpose, we define the periodicity condition
H(x0,Γ) ≡ x(x0,Γ)− x0 = 0 (29)
where H(x0,Γ) is the so called shooting function. Note that the solution at time Γ is now
expressed as x(x0,Γ) in order to highlight the dependence of the problem solution with the initial
conditions x0.
The shooting technique starts with a trial value for (x0,Γ). The solution of the system
then is obtained by numerical integration of the system of equations (23)-(26). In general, the
trial value will not satisfy the periodicity condition given by Eq. (29). Therefore, a Newton-
Raphson iteration scheme is used to correct the initial trial and converge to the actual solution.
The corrections (∆x0,∆Γ) are obtained from the following linear expansion of the periodicity
condition
H(x0 + ∆x0,Γ + ∆Γ) ≈ H(x0,Γ) + ∂H
∂x0
∣∣∣∣
(x0,Γ)
∆x0 +
∂H
∂Γ
∣∣∣∣
(x0,Γ)
∆Γ + H.O.T = 0 (30)
where the coefficients of previous linear system (∂H/∂Γ, ∂H/∂x0) are to be calculated.
From Eq. (29) it follows that the 2n× 1 coefficient vector ∂H/∂Γ is
∂H
∂Γ
(x0,Γ) =
∂x(τ,x0)
∂τ
∣∣∣∣
Γ
= F(x0) (31)
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Also from Eq. (29) it follows that the 2n× 2n Jacobian matrix ∂H/∂x0 is
∂H
∂x0
(x0,Γ) =
∂x(τ,x0)
∂x0
∣∣∣∣
Γ
− I (32)
where I is the 2n × 2n identity matrix. The matrix ∂x(τ,x0)/∂x0 is calculated as described
by Peeters et al. (2009). For that task, we differentiate the system of equations (23)-(26) with
respect to the initial conditions
∂
∂x0
(
dx(τ,x0)
dτ
)
=
∂F(x(τ,x0))
∂x0
(33)
We change the order of the derivatives in the left hand side of previous equation and apply
the chain rule in the right hand side to obtain
d
dτ
(
∂x(τ,x0)
∂x0
)
=
∂F(x)
∂x
∂x(τ,x0)
∂x0
(34)
with initial conditions ∂x(0,x0)/∂x0 = I. The matrix ∂x(τ,x0)/∂x0 for τ = Γ can be thus
calculated integrating numerically previous expression.
In order to determine the 2n+ 1 corrections (∆x0,∆Γ) we need an additional equation to be
added to the system of 2n equations defined by (30). The additional equation is obtained following
Seydel (1994). For an autonomous system the periodic solutions are invariant to linear shifts of
the time origin, which implies that the phase of the solution is arbitrary. Thus, a restriction (so
called phase condition) must be imposed to remove this arbitrariness. For this task, we set one
component of the initial values vector x0 equal to zero. In the problem at hand, it is especially
suited to take x2 = 0 since this amounts to consider that the stretch rate of the outer surface of
the aneurysm is initially zero (system initially at rest).
We carry out this iteration process to obtain x(x0,Γ) until the following convergence condition,
taken from Peeters et al. (2009) and Sracic and Allen (2011), is reached
||H(x0,Γ)||
||x0|| < ε (35)
where ε = 10−6 is the tolerance.
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4.2. Sequential continuation
Once we have found a solution xj(xj0,Γ
j) for the normalized frequency ωj, this input parameter
is incremented by ∆ωj
ωj+1 = ωj + ∆ωj (36)
The shooting method then restarts to calculate the corresponding solution xj+1(xj+10 ,Γ
j+1)
using the current solution (xj0,Γ
j) as the initial trial. The sequential continuation method high-
lights due to its robustness and relatively small computational cost. Nevertheless, we acknowledge
that it fails at the bifurcation points of the resonance diagrams, as further discussed in section 5.
4.3. Stability of the periodic solution
The stability of the solution corresponding to each value of ω considered is evaluated using
Floquet theory. For that purpose we monitor the eigenvalues of the so called Monodromy matrix
∂x(Γ,x0)
∂x0
(that appeared in (34)). If the modulus of any eigenvalue is greater than 1 the periodic
solution is unstable. The classical unit circle representation (Fig. 2) shows that the loss of
stability can take place in three different ways:
i. A real eigenvalue exits the unit circle at (1, 0). This represents a transcritical, cyclic-fold
or symmetry-breaking bifurcation.
ii. A real eigenvalue exits the unit circle at (−1, 0). This represents a period doubling bifur-
cation.
iii. A complex conjugate pair of eigenvalues exit the unit circle anywhere else. This represents
a secondary Hopf or Niemark bifurcation.
The stability of the solution is further discussed in section 5 when the numerical results are
presented.
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Figure 2: Unit circle representation: imaginary versus real part of the eigenvalues of the Monodromy matrix.
Three different scenarios which lead to the loss of stability of the solution: (a) cyclic-fold bifurcation, (b)
period doubling bifurcation and (c) Hopf bifurcation.
5. Sample results
The goal of this section is to provide sample numerical results which bring to light the relation
between the applied frequency ω¯ and the amplitude of the periodic motion of the aneurysm. In
order to carry out this analysis, we first need to characterize (for each frequency) the transient
response of the system: the end of the transient regime determines the onset of the periodic
motion.
Fig. 3 shows: (a) the pressure applied on the aneurysm ∆P versus the loading time τ , (b)
the circumferential stretch in the outer surface of the aneurysm λb versus the loading time τ and
(c) the circumferential stretch rate λ˙b versus the circumferential stretch λb in the outer surface of
the aneurysm (phase diagram). While Fig. 3(a) is obtained directly from Eq. (9), Figs. 3(b) and
(c) have been obtained after solving equations (23) and (24) using a fourth order Runge-Kutta
method. We have taken ω¯ = 1 and assumed that the aneurysm is initially unstretched and at
rest. The Mooney-Rivlin constitutive model is considered. The geometric, loading and material
parameters used in the calculation are those reported in sections 2 and 3, with a single exception:
the viscosity of the fluid has been increased to obtain κ = 0.1. The purpose is to provide a clear
illustration of the dissipation of energy by the CSF.
Fig. 3(a) shows the dependence of the applied pressure with time, where Γ is the period
given by ω¯ and determined by the time elapsed between two consecutive peaks. Fig. 3(b)
enables to identify the transient and steady-state regimes in the oscillatory response of the system.
The transient regime lasts until τ ≈ 30 and it is characterized by the gradual decrease in the
14
amplitude of the oscillations of the aneurysm (dashed line). This behaviour is caused by the energy
dissipated by the CSF. The steady-state regime, which develops for τ & 30, is characterized by
the periodic response of the aneurysm (solid line). One can identify a repetitive pattern in the
λb − τ curve which is determined by the period Γ previously noted in Fig. 3(a). Fig. 3(c) shows
the phase diagram corresponding to the outer surface of the aneurysm. We observe that the
transient response (dashed line) is also characterized by a gradual decrease in the velocity of the
oscillations of the aneurysm. The oscillations become slower and shorter in amplitude until the
motion becomes periodic, as illustrated by the limit cycle identified by a solid line. Note that
the limit cycle is non-symmetric, which implies the existence of symmetry breaking bifurcations.
This limit cycle (characterized by the period Γ), which results from the balance between the work
of the applied pressure and the energy dissipated by the CSF, is the focus of our attention in
the forthcoming analysis. Namely, our aim is to identify the dependences of the amplitude of the
limit cycle with the applied frequency, the thickness of the aneurysm and the specific constitutive
model used to describe the aneurysmal wall.
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Figure 3: (a) Pressure applied in the inner surface of the aneurysm ∆P versus loading time τ , (b) cir-
cumferential stretch in the outer surface of the aneurysm λb versus loading time τ and (c) circumferential
stretch rate λ˙b versus circumferential stretch λb in the outer surface of the aneurysm (phase diagram).
The Mooney-Rivlin constitutive model is considered. The normalized frequency is ω¯ = 1. The aneurysm
is initially unstretched and at rest.
Fig. 4(a)-(b) show the resonance diagrams, λmax − λmin versus ω¯, for Neo-Hookean and
Mooney-Rivlin constitutive models, respectively. Note that λmax and λmin are the maximum
and minimum stretches of the limit cycle, as indicated in Fig. 3(c). The geometric, loading and
material parameters reported in sections 2 and 3 are used in the calculations, including the fluid
viscosity (unlike in previous example). The normalized frequencies investigated range from 0.01
to 100.
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The excursions in λmax − λmin correspond to resonances of the aneurysm: dramatic increase
of the amplitude of the oscillations for some specific frequencies. Note that these excursions are
tilted, which illustrates the interplay between the natural frequency and the amplitude of the
oscillations. This interplay is caused by the nonlinear nature of the problem at hand, which
includes geometric and material nonlinearities. The excursion which leads to the maximum
amplitude of the oscillations is the so-called fundamental (or primary) resonance of the aneurysm.
The other excursions are the so-called super-harmonic resonances. We have calculated the stable
and unstable branches of the excursions, which are plotted using solid and dashed lines in Fig.
4(a)-(b), respectively. While the sequential continuation method fails at the bifurcation points of
the diagram, it is enough to start the numerical procedure with a stable (unstable) limit cycle to
calculate the whole stable (unstable) branch. Note also that, following the procedure reported in
section 4.3, we have identified the cyclic fold bifurcations which define some of the intersections
between stable and unstable branches.
• Neo-Hookean model: the λmax − λmin excursions are tilted to the left. This behaviour is
called softening and implies that in order to rise the amplitude of the oscillations a decrease
in the applied frequency is required. Thereby, tilting of the resonance diagram makes
that the nonlinear resonance frequency (maximum amplitude of the oscillation) occurs for
ω¯ = 0.4, away from the natural frequency of the aneurysm (onset of the main excursion)
which is located at ω¯ ≈ 1. The amplitude of the nonlinear resonance frequency is ≈ 5.5.
Besides the main resonance, we have identified six super-harmonics. The stable and unstable
branches of each excursion are located on the right and on the left of the peak, respectively.
Note that the maximum amplitude of the super-harmonics does not decrease monotonically
as one moves away from the fundamental (primary) resonance of the aneurysm. The shorter
excursion is the second super-harmonic starting from the fundamental resonance. This
unexpected behaviour is most likely related to the fact that the peak of the excursions
denotes the loss of the oscillatory behaviour of the shell. The aneurysm cannot sustain
larger values of stretch within an oscillatory motion and expands unbounded (Rodr´ıguez-
Mart´ınez et al., 2015; Aranda-Iglesias et al., 2015).
• Mooney-Rivlin model: the λmax − λmin excursions are tilted to the right. This behaviour,
called hardening, is different to the response provided by the Neo-Hookean model. Only the
foot of the shortest super-harmonics is transiently tilted to the left, showing the so-called
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snap-through behaviour. In general terms, the Mooney-Rivlin material requires an increase
in the applied frequency to rise the amplitude of the oscillations. The nonlinear resonance
frequency occurs for ω¯ = 34, a value significantly greater than the natural frequency of
the aneurysm. The amplitude of the nonlinear resonance frequency (≈ 2.6) is significantly
smaller than in the case of the Neo-Hookean model. Moreover, we have identified six super-
harmonic resonances. In contrast to the case of the Neo-Hookean model, the maximum
amplitude of the super-harmonics decreases monotonically as one moves away from the
fundamental resonance of the aneurysm. This is because now the maximum amplitude of
the oscillations is not limited by loss of the oscillatory response of the aneurysm but by the
external work applied to the system. The aneurysm could sustain larger values of stretch
provided that a larger amount of external work is applied to the system (Rodr´ıguez-Mart´ınez
et al., 2015; Aranda-Iglesias et al., 2015)
It becomes apparent the key role played by the constitutive model in the resonance diagram
of the aneurysm. The strain energy function determines the amplitude of the oscillations and the
nature (softening or hardening) of the interplay between the amplitude of the oscillations and the
applied frequency.
On the other hand, it is critical to note that, taking into account the material and geometric
parameters given in section 2, the values of ω¯ corresponding to the typical physiologic conditions
of an aneurysm range between 2 · 10−3 and 6.5 · 10−3. This range is calculated assuming that the
minimum and maximum heart rates are 60 and 190 beats per minute, respectively. According to
Fig. 4, the aneurysm do not show resonances within these values of ω¯, i.e. our results suggest that
the pulsatile blood flow cannot lead to the resonance of the aneurysm. This result agrees with the
conclusions of Shah and Humphrey (1999) and David and Humphrey (2003) who already stated
that the hypothesis of Simkins and Stehbens (1973) and Hung and Botwin (1975), who suggested
that saccular aneurysms may be excited at their natural frequency by the pulsatile blood flow,
may not be correct. Even in the case of the Neo-Hookean model for which the softening response
brings the super-harmonics closer to the maximum frequency of the heart, there is a meaningful
gap between the resonance frequency of the lowest super-harmonic
(
1.5 · 10−2) and the frequency
of the highest heart rate
(
6.5 · 10−3).
Next, we further investigate the possibility of resonances in the aneurysm due to the pulsatile
blood flow and, thanks to the 3D formulation derived in section 2, assess the effect of the wall
thickness in the oscillatory response of the aneurysm.
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Figure 4: Resonance diagrams, λmax − λmin versus ω¯, for (a) Neo-Hookean and (b) Mooney-Rivlin consti-
tutive models. The reference geometric, loading and material parameters reported in sections 2 and 3 are
used. The aneurysm is initially unstretched and at rest.
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Fig. 5(a)-(b) shows the resonance diagrams, λmax − λmin versus ω¯, for Neo-Hookean and
Mooney-Rivlin constitutive models, respectively. Three different values of the thickness parameter
f0 are investigated: 0.9, 0.78 (reference) and 0.5 for the Neo-Hookean model and 0.98, 0.78
(reference) and 0.5 for the Mooney-Rivlin. The loading and material parameters reported in
sections 2 and 3 are used. The following key observations arise from these graphs.
• The influence of f0 in the amplitude of the oscillations of the aneurysm depends on the con-
stitutive model. In the case of the Neo-Hookean model an increase of f0 (smaller thickness)
decreases the maximum amplitude of the resonances. As the thickness of the aneurysm
decreases the oscillatory response of the shell is lost (the unbounded expansion of the shell
starts) for smaller values of the ratio λmax−λmin. In fact, for f0 = 0.98 (value investigated
in the Mooney-Rivlin case) the aneurysm does not oscillate under this loading conditions.
On the contrary, in the case of the Mooney-Rivlin model an increase of f0 increases the
maximum amplitude of the resonances. In this case the response of the aneurysm is os-
cillatory no matter the wall thickness and thus, as expected, the oscillations show larger
amplitude as the thickness decreases.
• Irrespective of the constitutive model considered, the increase of f0 (smaller thickness) shifts
to smaller values of ω the fundamental and the super-harmonic resonances of the aneurysm.
The thinner the wall of the aneurysm, the closer are the resonance frequencies to the heart
rate. Nevertheless, even in the case of the Neo-Hookean model, the lowest super-harmonic
corresponding to the smallest thickness considered yet is far from the highest frequency
of the pulsatile blood pressure. Thus, our results broaden the conclusions of Shah and
Humphrey (1999) and David and Humphrey (2003) for a wide range of wall thicknesses
and show that it is unlikely that resonances could lead to the enlargement and rupture of
saccular aneurysms.
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Figure 5: Resonance diagrams, λmax − λmin versus ω¯, for (a) Neo-Hookean and (b) Mooney-Rivlin consti-
tutive models. Three different values of the thickness parameter f0 are investigated: 0.9, 0.78 (reference)
and 0.5 for the Neo-Hookean model and 0.98, 0.78 (reference) and 0.5 for the Mooney-Rivlin.. The loading
and material parameters reported in sections 2 and 3 are used. The aneurysm is initially unstretched and
at rest. The reader is referred to the on-line version of the paper to distinguish the colour coding of the
graphs in which the excursions corresponding to the smaller, intermediate and greater value of f0 are red,
green and blue, respectively.
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6. Summary and conclusions
In this paper we have extended to a 3D framework the formulation developed by Shah and
Humphrey (1999) to model the dynamic behaviour of idealized intracranial saccular aneurysms
subjected to pulsatile blood flow and surrounded by cerebral spinal fluid. The need for a 3D
formulation arises from the experimental measurements of Suzuki and Ohara (1978), MacDonald
et al. (2000) and Costalat et al. (2011) who provided evidences of saccular aneurysms with ratios
between wall thickness and inner radius larger that 0.1.
For the first time in literature, the dynamic response of the aneurysm has been analysed using
nonlinear resonance diagrams obtained from a numerical procedure specifically designed for that
purpose. Two different constitutive models have been used in the analysis: Neo-Hookean and
Mooney-Rivlin. For each material model we have identified the fundamental resonance and six
super-harmonics. A critical outcome of this research is to show that none of these resonances,
for any of the constitutive models used and irrespective of the thickness of the aneurysm, lies
within the frequencies associated to the normal heart rates. Thus, in agreement with David and
Humphrey (2003), our results seem to discard the hypothesis of saccular aneurysms being led to
rupture because they are excited at their natural frequency by the pulsatile blood flow. However,
our results also show that the nonlinearities of the problem could bring closer than expected the
resonance frequencies of the aneurysm to the usual frequencies of the heart. This finding, that
has been rarely discussed in the literature, has been found strongly dependent on the constitutive
model. It is thus highlighted that the description of the mechanical response of the aneurysmal
wall has great influence on the dynamic response of these type of lesions.
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